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ABSTRACT

We consider the effect of mobility on a wideband direct sequence
spread spectrum (DSSS) communication system, and study a scale-
lag Rake receiver capable of leveraging the diversity that results
from mobility. A wideband signal has a large bandwidth-to-center
frequency ratio, such that the typical narrowband Doppler spread
assumptions do not apply to mobile channels. Instead, we assume
a more general temporal scaling phenomenon, i.e., a dilation of
the transmitted signal's time support. Such analysis applies, for
example, to ultra-wideband (UWB) radio frequency channels and
underwater wideband acoustic channels.

1. INTRODUCTION

Wideband systems are defined by a ratio of single-sided band-
width to center frequency in excess of 0.25 [1]. We are interested
in studying the effect of mobility (i.e., temporal variation in the
physical geometries between transmitter, receiver, and scatterers)
on wideband communications systems and in designing receivers
capable of leveraging the potential diversity gains that result from
multipath propagation in mobile environments.

First, it is important to note that the combined effects of mul-
tipath and mobility on wideband systems are quite different than
those on their narrowband counterparts. For example, in narrow-
band systems with a dense ring of scatterers surrounding the re-
ceiver, mobility imparts a spreading of the signal in the frequency-
domain that is commonly referred to as Doppler spreading [2].
Considering a wideband system employing orthogonal frequency
division multiplexing (OFDM) with narrow subcarrier bandwidths
in the same physical environment, mobility implies that each sub-
carrier signal will experience Doppler spreading, but the amount
of spreading will vary from one subcarrier to the next [3]. In wide-
band communication systems employing direct sequence spread
spectrum (DSSS)—the focus of this manuscript—the effects of
mobility in the multipath mobile environment are not well de-
scribed by frequency-domain spreading, but rather by scale spread-
ing.1 By scale spreading, we mean that several copies of the trans-
mitted signal combine at the receiver, each with a different dilation
of the time support of the original signal. In addition, each copy
may be temporally delayed by a different amount.

When the different propagation paths are characterized by in-
dependent dilations and delays, the fading inherent to multipath
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1Note that scale-spreading is actually a general concept that applies to
both narrowband and wideband systems. For example, changing the time
scale of a sinusoidal signal is equivalent to shifting the signal in frequency.

propagation can be mitigated by using diversity reception. For
wideband DSSS signaling, we study a scale-lag Rake receiver that
exploits this diversity.2 The analysis can be applied to underwater
acoustic systems [5] as well as to radio frequency ultra-wideband
(UWB) systems [6].

2. SYSTEM MODEL

2.1. Transmit Signal

The wideband DSSS waveform is�������
	 �� �� �������� � �����
��� �����! #"�$%�'& (1)

where ( �
�*)

is the length-
 �

PN chip sequence,

� ����� is the unit-
energy chip waveform, and " $ is the chip duration. The symbol
duration is "�+,	 -� "�$ seconds and the system bandwidth is de-
fined to be . 	 �0/ " $ . A PN sequence chosen from a ternary
alphabet ( � � &213& � ) may be used to model time-hopping [6] or
episodic signaling [7] without affecting the analysis. In this paper,
we consider only baseband signaling; thus, all signals and param-
eters are real valued. We linearly modulate the DSSS waveform�����4� with a sequence of

65
symbols (0748 ) to obtain the transmitted

signal.

2.2. Wideband Channel Kernel

Analogous to the spreading function in narrowband signaling, the
wideband signal input-output relationship can be modelled by the
linear transformation 9 �����
	;: ( �����4� ) [4] defined by:9 �����<	>=?=@:A�#BC&4DE� �F B ��G �
��DBIHKJ B J DL& (2)

where �M����� is the channel input and :A��BC&4DE� is the wideband chan-
nel kernel. Note that the wideband channel transformation is not
shift-invariant; hence, sinusoids are not eigenfunctions. The wide-
band channel kernel :A��BC&4DC� quantifies the scale-lag spreading
produced by the channel—the variable B corresponds to the di-
lation introduced by the channel, and the variable D corresponds to
the propagation delay.

We illustrate the wideband channel kernel with the simple two-
path, lossless channel shown in Fig. 1. Suppose that the two paths
have equal length: J 	 � DON , where � is the speed of wave prop-
agation and DPN is the temporal lag from transmitter to receiver.

2The possibility of a scale-lag receiver was mentioned in [4], but no
details were developed.
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Fig. 1. Wireless channel diagram with two equal-length propa-
gation paths from the transmitter to the receiver. The receiver is
traveling with velocity � .

The signal arriving perpendicular to the direction of motion expe-
riences no dilation ( B 	 � ), while the signal arriving parallel to the
direction of motion experiences a dilation of B $�� � . Hence, the
received signal is 9 ������	@����� � DPN ��� �� ��� �M��	 ��
���� � , where �����4�
is the transmitted signal. In this case, the wideband channel kernel
can be written :K�#BC&4DE� 	��L�#B�� � ���L�#D
� DPN �����L�#B�� B3$0��� �#D
� D N � ,
where �L��� � is the Dirac delta function.

To simplify the following exposition, we assume a mobile re-
ceiver, fixed reflectors, and a fixed transmitter.3 In a rich scattering
environment, the wideband channel kernel :A�#BC& DE� is non-zero on
a continuum of points �#BC& DE� . However, finite mobile velocity im-
plies that the temporal scaling is bounded: ( �#BC&4DC���LB�� � � � B �B � ��� & 1 � D � D � ��� ) , where B � � � and B � ��� are the minimum
and maximum dilation, respectively, and D�� ��� is the delay spread.
By convention, the time delay of the shortest path is zero lag.

Relativistic effects for electromagnetic wave propagation are
negligible due to low mobile velocities; hence, the minimum di-
lation and maximum dilation can be simplified to B � � � 	 � �� � ��� / � and B � ��� 	 � ��� � ��� / � , respectively, where � � ��� is the
maximum mobile velocity [8]. An important system parameter is
the wideband scale spread: � � ��� � 	 ���! #" � � �!$&%' 	(� � ��� / � 	B � ��� � � , which defines the maximum deviation from unit tem-
poral dilation. Though typical values of � � ��� may be extremely
small for mobile RF channels, we establish, in the sequel, that
wideband DSSS signals can be very sensitive to this parameter.

We assume the symbol duration "�+ is much larger than the
delay spread D � ��� ; hence, we can ignore inter-symbol interference
and without loss of generality assume one-shot transmission. Let�����4� be linearly modulated by a data symbol 7 with energy ) 5 .
The received signal * ����� in additive white Gaussian noise + �����
with two-sided power spectral density of

 $ /-, is* �����?	 : (O7 �����4� ) � + ���4�'& (3)	 7 9 ���4�.� + �����#/ (4)

The optimal receiver, assuming no inter-symbol interference (ISI),
is the matched filter, which requires knowledge of the wideband
channel kernel :K�#BC&4DE� .
2.3. Scale-Lag Resolution

The scale-lag resolution properties of a wideband DSSS signal�����4� are related to the total signal bandwidth . and symbol du-
ration " + . An often used rule-of-thumb is that the minimum re-
solvable lag of a linear Rake receiver is " $-	 �0/ . [2]. A similar

3The wideband kernel can be used to model any dynamic geometry
between the transmitter, scatters, and receiver, e.g., a turbulent underwater
environment with rings of scatters moving at different speeds.
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Fig. 2. (a) Transmitted wideband signal. (b) Signal dilated by B $ .
rule-of-thumb can be suggested for the minimum resolvable dila-
tion, which will be defined next.

Consider the inner product of �����4� with �����4� dilated by B :4 �����4�'& �F B ��G �B H�5 / (5)

Let B 	 B $ result in a dilation by one chip period, (illustrated by
Fig. 2) or in other words, let B $ satisfy the relationB $ " + � " + 	 " $76 B $ 	 � � �O/  � / (6)

Proposition 1. The expected value of the inner product (5) evalu-
ated at B 	 B3$ vanishes if and only if the pulse-shape has zero DC
component.

Proof. The proof is found in Appendix A. 8
Hence, we define B $ as the minimum resolvable dilation. Equiv-

alently, � $9� 	 B3$ � � is the scale resolution of the wideband DSSS
signal �����4� . We have � $ 	 " $ / " + 	 �O/ " + . 	 �0/  � , i.e., the
scale resolution is the inverse of the time-bandwidth product or
spreading gain.

2.3.1. Discussion

The ratio : �; <": � is the normalized scale spread and can be writ-
ten in terms of the velocity, speed of signal propagation, and the
time-bandwidth product: : �! #": � 	>= �; <"? " + . . Note the similar-
ity to the narrowband normalized Doppler-frequency spread [2]:@ N " + 	A= �! #"? " + @ ? , where

@ ? is the carrier frequency.

2.4. Choice of Basis Functions

Since estimation of the continuous-valued kernel :K�#BC&4DE� is diffi-
cult, we project the received signal * ���4� onto basis ( �B�DC � ���4� ) :* �DC � 	FE#�G�DC � �����'& * �����H'& (7)	 7'9 �DC � � + �IC � & (8)

where 9 �DC � 	JE#� �DC � �����'& 9 ���4�H are the signal coefficients and+ �DC � 	KE#� �IC � ���4�'& + �����H are the noise coefficients. A coherent re-
ceiver estimates the basis coefficients (09 �IC � ) for use in the scale-
lag rake combiner.

From the scale-lag resolution properties of Sec. 2.3, and to
match the scale-lag spreading of the wideband channel, it is natural
to choose as basis functions the set of dilated-delayed versions of
the transmitted signal:���DC � ���4� 	 �F B �$ �AG �
�MLC" $B �$ H / (9)



Together, the scale-lag resolution properties of the basis signals
imply that E#� �DC � ���4�'& ����IC �� ���4�H � � � � �� C � � �� , where � �DC � is the
Kroneker delta function. Note that the projection is an implicit
approximation of the wideband kernel:A�#B�&*DC� � ��DC � � �IC � �L�#B � B �$ ���L�#D � L�"�$O�#/ (10)

The coefficients (�* �DC � ) are effectively a sampling of the scale-
lag plane, as shown in Fig. 3. A Taylors series approximation
around B $ 	 � gives B �� � � �����#B � � � � 	 � ��� � $ ; hence, a
uniform spacing in the scale domain suffices for typical values of
dilation (i.e., B � � ).
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Fig. 3. Sampling the scale-lag plane.

3. SCALE-LAG DIVERSITY

To determine the diversity exploited by the coherent scale-lag Rake
receiver, we compile the basis coefficients, (09 �IC � ) , ���������� and 1�� L�� 

, into a vector, compute the autocorrelation ma-
trix by taking the expected outer-product, and examine the eigen-
values ( � � ) . The values � and


are chosen so that a significant

portion of the energy is contained in the basis coefficients.
Assuming the wideband channel kernel is uncorrelated across

scale and lag4, i.e., !#" :A�#BC& DE�*:��#B	$#&�D%$ �'&�	)( �#BC& DE��� �#B � B	$ ��� �#D �D $ � , where ( �#B�&*DC� is the scattering function, we obtain the ele-
ments of the expected outer product,!�" 9 �DC � 9 ��IC �� &C	 = 
 �! <"� = �'* : �! #"�4� : �! <" ( �#BC&4DE�

! +-, G B �$ / BC& LC"�$ �!DB H , G B ��$ / BC&�.L�"�$ �!DB H0/ J B J D2/(11)

where

, �#BC&4DE� 	21 �����4� �� � �43 	 ��
�)5 J � is the wideband ambiguity
function (similar to [10]).

The BER expression, assuming the coefficients fade according
to a real-valued Gaussian distribution, is687 	I�9 =�:�; '� < ���=� ��� G>, ) 5 � � $�>�?A@ 'CB � � H ��� ; ' J B & (12)� �, < �M�=� ��� G , ) 5 �

� $ � � H �M� ; ' / (13)

where D 	 � , �>� � � �  � � � .
4This simplifying assumption is somewhat analogous to the uncorre-

lated doppler-lag spreading assumption made in narrowband systems [9].

3.1. Approximation

For the unit-energy second-derivative Gaussian pulse5,� �����?	 F @ $#EF F , 9F F G � � , � 9 @ $ ����� " $ /-, �4� '�HI�JLK 3 �,� 9 @ $ ���
�A" $ /-, �4� ' 5 & (14)

it can be shown [11] that for large
 �

, the autocorrelation (11) can
be approximated by!�" 9 �DC � 9 ��IC �� & � =NM �! #"O �� =QP �! #"P �� P �! <"P � ( � � � � $ � &SRD3" $ �., �T� � �%&L �)RDC� ., � .�(� � & .L �2RD � J � J RD�& (15)

where, for
@ $ 	 , / " $ , we have., � � &SRD �<	 ���,VU�W ��� + W = �� � WYX � ' :SZ\[^] � *`_
\a Z J �M& (16)

+ � 	 ��, �cbSd 9 ' RD ' ��d e 9 U RD U &+ � 	 ,Sf d 9 U RD%g3��� � b , 9 ' RD �%&+ ' 	 , e 3 � d 9 U RD ' � ' ��e 9 ' � ' 5 &+ g 	 ,Sf d 9 U RD2� g &+ U 	hd e 9 U � U /
4. SCALE-LAG RAKE RECEIVER PERFORMANCE

We use the approximation (15) to compute the eigenvalues ( � � )
of a system employing a second-derivative Gaussian pulse shape.
For simplicity, we assume the scattering function ( �#BC& DE� is flat
across scale and lag, and fix the delay spread to be D � ��� 	 " $ .
We choose � 	ji : �! <": �Qk � � and

 	ji 
 �! #"l �mk � � to capture a

significant portion of the received energy in the basis coefficients.
Fig. 4 displays the eigenvalues6 of the basis-coefficient autocorre-
lation matrix for various values of normalized scale spread. For
a normalized scale spread below 0.1, the scale-lag rake exploits
an essential diversity order of four, i.e., over the SNR of interest,
only the first four eigenvalues contribute to a reduction in bit error
rate (BER). At a scale spread of 1.0, the scale-lag rake exploits six
levels of diversity.

Figure 5 compares the BER performance of the scale-lag Rake
to a conventional Rake using the system parameters of the preced-
ing paragraph. Note that a higher value of scale spread produces a
greater performance gap between the scale-lag Rake and the con-
ventional Rake, as predicted by the preceding diversity analysis.
Also note the decrease in performance of the conventional Rake at
a higher value of normalized scale spread since a larger proportion
of the received energy is in the scale components.

A normalized scale spread of 0.001 would be found in an RF
system with mobile velocity of 10 km/hr, data rate of 10 kbps,
and bandwidth of 1 GHz, or in an RF system with velocity of
100 km/hr, data rate of 1 Mbps, and bandwidth of 10 GHz. A
normalized scale spread of 1.0 would be found in an underwater
acoustic telemetry system with mobile velocity of 15 km/hr, data
rate of 100 bps, and bandwidth of 36 kHz.

5We wish to point out that other zero-DC component signals may be
used, such as the modified duobinary pulse [2].

6The eigenvalues for each given scale spread have been normalize to
unit energy, i.e., their sum is unity.
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Fig. 4. Eigenvalues of basis coefficient autocorrelation matrix.

5. CONCLUSION

In this paper, we studied a scale-lag Rake receiver capable of
leveraging the diversity that results from scale-lag spreading in
mobile wideband DSSS systems. The analysis applies to chan-
nels where narrowband assumptions are invalid, such as radio-
frequency UWB systems and wideband hydro-acoustic systems.
Future work includes investigating the implementation details of
the scale-lag Rake and estimating the basis coefficients for coher-
ent combining.

A. PROOF OF PROPOSITION 1.

Assuming the PN sequence is i.i.d. and the pulse-shape is zero
outside the interval " 1L& " $ & , we can write! +4 �����4�'& �F B ��G �B H�5 / 	 ! + = �� � ������� �F B �AG �B HKJ � / &	 �����M�� � ��� ! � � � � ' � F B = l �� � ���4� � G � � � � �!B �* #" $B HKJ �#/

	 � � �M�� � ��� ! � � � � '�� F B , � �#BC&O� � �!B �* #" $ � (17)

where

, � �#BC&4DC� 	 1 � ����� �� � � 3 	 ��
� 5 J � is the ambiguity function
of the pulse shape. Now plug the value B 	 B $ 	 � � �0/  � into
(17) and let

 �
go to infinity

� ?��� ��� � � � ���� � ��� ! � � � � '-� , � G � � ��� &  #"�$�� H� ! � � � � '" $ = l �� � � C � �#��� J �M&	 ! � � � � ', " $
	
� � 1 �'& (18)

where
� � C � �#��� is the deterministic autocorrelation function of the

pulse-shape, and 	
� � @ � is the power spectral density. From (18),
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Fig. 5. (Solid) BER performance of scale-lag Rake receiver.
(Dashed) BER performance of conventional Rake. The normal-
ized delay spread is D � ��� / " $ 	 � . Only the basis coefficients
corresponding to zero scale ( � 	 1 ) are used to compute the per-
formance of the conventional rake receiver.

we conclude that the expected value of the inner-product (5) van-
ishes at the minimum resolvable dilation B $ if and only if the pulse-
shape has no DC component.
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