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Bilinear Recovery Problem

Observations:

Y =

Q∑

i=1

biAiX +W

where,

X : unknown random matrix in R
N×L

A1, . . . ,AQ : known matrices in R
M×N

b1, . . . , bQ : unknown deterministic parameters
W : white Gaussian noise.

Prior:

Xnl
i.i.d
∼ pX(·;θX) deterministic unknown parameters θX.

Wml
i.i.d
∼ N (0, σ2

w) unknown variance σ2
w.

Goal: jointly infer X and estimate θ , {b,θX, σ
2
w}

Approach: combine variational inference with ML estimation.
Applications: Self-calibration, CS+matrix uncertainty, dictionary learning, . . .

Variational Inference
For now, let’s suppose that θ is known.

We would like to compute the posterior density

p(X|Y ) =
p(X ;θ)p(Y |X ;θ)

Z(θ)
for Z(θ) ,

∫
p(X ;θ)p(Y |X ;θ) dX,

but the high-dimensional integral in Z(θ) is difficult to compute.

We can avoid computing Z(θ) through variational optimization:

p(X|Y ) = argmin
b

D
(
b(X)

∥∥p(X|Y )
)
where D(·‖·) is KL divergence

= argmin
b

D
(
b(X)

∥∥p(X ;θ)
)
+D

(
b(X)

∥∥p(Y |X ;θ)
)
+H

(
b(X)

)
︸ ︷︷ ︸

Gibbs free energy

= argmin
b1,b2,q

D
(
b1(X)

∥∥p(X ;θ)
)
+D

(
b2(X)

∥∥p(Y |X ;θ)
)
+H

(
q(X)

)
︸ ︷︷ ︸

, J(b1, b2, q;θ)
such that b1 = b2 = q,

but the density constraint keeps the problem difficult.

Expectation consistent approximation (EC) 1 relaxes the density constraint
to moment-matching constraints:

p(X|Y ) ≈ argmin
b1,b2,q

J(b1, b2, q;θ)

such that ∀l

{
E{xl|b1} = E{xl|b2} = E{xl|q}
tr[Cov{xl|b1}] = tr[Cov{xl|b2}] = tr[Cov{xl|q}].

The stationary points of EC are the densities

b1(X) ∝
∏L

l=1 p(x;θ)N (xl; r1,l, I/γ1,l)

b2(X) ∝
∏L

l=1 p(yl|xl;θ)N (xl; r2,l, I/γ2,l)

q(X) =
∏L

l=1N (xl; x̂l, I/ηl)

s.t.





E{xl|b1} = E{xl|b2} = x̂l

tr[Cov{xl|b1}]
= tr[Cov{xl|b2}] = N/ηl.

Vector AMP (VAMP)

There exist several algorithms (e.g., EC, ADATAP 2 , S-AMP 3 ) whose fixed
points coincide with the EC stationary points, but often they don’t converge.

An exception is Vector AMP 4 , which can be derived using a form of
approximate message passing on the vector-valued factor graph

p(X1;θ)
X1

δ(X1 −X2)

X2 p(Y |X2;θ)

In particular, VAMP is provably convergent under either
1) strictly log-concave prior p(X ;θ) and arbitrary A (after damping),
2) iid prior p(X ;θ) and large, right-rotationally invariant A.

VAMP algorithm

Initialize {R1, γ1} and define the estimation functions

g1(r1,l, γ1,l) , E{xl|b1; r1,l, γ1,l} or any Lipschitz function

g2(r2,l, γ2,l) , E{xl|b2; r2,l, γ2,l}

For t = 1, 2, 3, . . .

x̂1,l ← g1(r1,l, γ1,l), ∀l denoising

η1,l ← γ1,lN/ tr[∂g1(r1,l; γ1,l)/∂r1,l], ∀l

r2,l ← (η1,lx̂1,l − γ1,lr1,l)/(η1,l − γ1,l), ∀l pseudo-measurement

γ2,l ← η1,l − γ1,l, ∀l

x̂2,l ← g2(r2,l, γ2,l), ∀l LMMSE estimation

η2,l ← γ2,lN/ tr[∂g2(r2,l; γ2,l)/∂r2,l], ∀l

r1,l ← (η2,lx̂2,l − γ2,lr2,l)/(η2,l − γ2,l), ∀l pseudo-prior

γ1,l ← η2,l − γ2,l, ∀l

Expectation maximization (EM)

We now return to the case where θ = {b,θX, σ
2
w} is unknown.

The maximum-likelihood (ML) estimate is

θ̂ = argmax
θ

p(Y ;θ) = argmin
θ

{− ln p(Y ;θ)} .

EM algorithm iteratively minimizes a tight upper bound on − ln p(Y ;θ):

θ̂t+1 = argmin
θ

E
{
− ln p(X,Y ;θ)|Y ; θ̂t

}

= argmin
θ

{
− ln p(Y ;θ) +D

(
bt(X)

∥∥p(X|Y ;θ)
)

︸ ︷︷ ︸
≥ 0

}

with bt(X) = p(X|Y ; θ̂t) θt θt+1

The upper bound can also be rewritten in terms of Gibbs free energy

Q(θ, bt) , − ln p(Y ;θ) +D(bt(X)
∥∥p(X|Y ;θ))

= D
(
bt(X)

∥∥p(X ;θ)
)
+D

(
bt(X)

∥∥p(Y |X ;θ)
)
+H

(
bt(X)

)

= J(bt, bt, bt;θ)

which yields a variational interpretation of EM 5 .

Variance Auto-Tuning

In VAMP, the precisions {γ1,l, γ2,l}
L
l=1 are imperfect when θ̂ is imperfect.

So we estimate these precisions jointly with θ. E.g., for parameters θX:

(γ1, θ̂X)← argmax
γ1,θX

p(R1;γ1,θX) under r1,l=xl+N (0, I/γ1,l), xl∼p(·;θX)

In practice, inner iterations of EM are used to solve the above “variance
auto-tuning” problem.

Under identifiability conditions, this leads to asymptotically consistent θ̂X 6 .

The proposed Bilinear Adaptive (BAd)-VAMP Algorithm

Recall that VAMP iteratively computes a posterior approximation bt(X) by
minimizing J(b1, b2, q;θ) (under moment constraints) with known θ.

Likewise, EM iteratively estimates θ by minimizing J(bt, bt, bt;θ), assuming
the posterior approximation bt(X) = p(X|Y ;θt) is available.

In BAd-VAMP, we combine VAMP, EM, and variance auto-tuning.

In the denoising (i = 1) and LMMSE (i = 2) steps of VAMP, we infer X
and jointly estimate (γ,θ) by running several inner iterations of

∀l : x̂i,l ← gi(ri,l, γi,l; θ̂i), ηi,l ← γi,lN/ tr[∂gi(ri,l, γi,l; θ̂i)/∂ri,l] (denoising)

∀l : γi,l ←
(

1
N‖x̂i,l − ri,l‖

2 + 1/η1,l

)−1
(auto-tuning)

qi(X) ∝
L∏

l=1

fi(xi,l;θi)N (xl; ri,l, I/γi,l) (belief update)

θ̂i← argmax
θi

L∑

l=1

E [ln fi(xi,l,θi)|qi] (EM update)

with i ∈ {1, 2}, θ1 = θX,θ2 = {b, σ
2
w} and

f1(x,θ1) = p(x;θX), f2(x,θ2) = N

(
y;

Q∑

j=1

bjAjx, σ
2
wI

)
.

Numerical Experiments

CS with Matrix Uncertainty: Recover N=256-length sparse x and bi
i.i.d.
∼ N (0, 1)

from M -length y = (A0 +
∑10

i=1 biAi)x +w, where [Ai]m,n
i.i.d.
∼ N (0, 1),
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VAMP-LiftVAMP-Lift

oracleoracle
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x is sampled from the Bernoulli-
Gaussian distribution, ǫ = 0.04,

xi ∼ (1− ǫ)δ(x) + ǫN (x; 0, 1)

Plots show median NMSE on signal x̂
and parameter b̂ estimates versus
sampling ratio M/N .

BAd-VAMP performs much better
than WSS-TLS 7 and on par with
EM-PBiGAMP 8 and VAMP-Lift 9 .

Dictionary Learning: Given Y , the goal is to estimate A & X s.t. Y ≈ AX.
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Median NMSE versus condition
number κ(A) for A ∈ R

64×64, i.i.d.
Bernoulli-Gaussian X with ǫ = 0.2,
training length L = 1331, and SNR
= 40 dB.

BAd-VAMP is much more robust to
κ(A) than EM-BiGAMP 10.

Self-Calibration in Tomography: Reconstruct image x and calibration parameters

bi ∼ N (1, σ2
b) from measurements y =

[
b1Ψ

T
ω1

. . . b25Ψ
T
ω25

]T
x +w, where Ψω

is the Radon transform for angle ω and σb = 0.06. BM3D was used for g1(·).
Original BAd-VAMP: 38.54 calibrated RED: 35.79 uncalibrated RED: 30.11

PSNR (dB) of 64× 64 Shepp-Logan phantom from 25 equally spaced tomographic projections.
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